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MODELING OF NON-STATIONARY HEAT CONDUCTION IN LAYERED 
MEDIUM 
 

A method for determination of thermal condition of layered medium is 
offered. Legendre polynomials are used as basis functions of the 
problem. The proposed approach allows to formalize an algorithm of 
the solution of a non-stationary heat conduction problem and to select 
a class of objects to which the given approach can be applied. 
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1. Introduction 

The majority of publications, devoted to thermal state of laminated 

structures, deal with deformation of such structures under conditions of 

steady temperature fields or dynamic temperature fields with 

prescribed distribution through the thickness [1]. The hypothesis about 

a piecewise-linear temperature distribution through the thickness of a 

laminated package is often applied [2]. However, the non-stationary 

character of a problem requires a more exact description of the 

temperature field obtained directly from solution of a heat conduction 

equation. 

Methods for solving of non-stationary heat conduction problems 

are based on difference schemes [2]. Analytical approaches are used 

less commonly used analytical approaches [3]. For multilayer elements 

in structures, heat conduction problems are solved by involving 

different kinds of hypotheses on temperature distribution over the 

thickness of the pack of layers. The majority of papers use the following 

numerical computation methods: the finite difference method, the 

boundary elements method, and finite elements method. 

Jane and Wu [4] used the Laplace transform and the finite 

difference method for solving dynamic and static thermal elasticity 

problems for multilayer conical shells. Using the finite elements 

method, Oguamanam et al. [5] studied the nonlinear response of a 

laminated symmetrical orthogonally reinforced cylindrical panel to 
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sudden application of a heat flux. The panel is cantilevered to a hub with 

limited rotation around the central axis of rotation. The temperature 

field thickness is constant and changes exponentially with time. The 

system of nonlinear equations is solved with the Newton-Raphson 

method jointly with the Newmark integration method. 

Diakoniuk and Savula [6] considered initially the boundary value 

problem of thermal conductivity in a multilayered medium with small 

layer thicknesses. For numerical investigation of the solution new 

semianalytic finite elements method is used. 

The paper presents a method for solution of the one-dimensional 

non-stationary heat conduction problem in a laminated medium with an 

internal heat source based on introduction of the temperature 

distribution in each layer by a system of Legendre polynomials. 

2. Statement of the problem  

Let us consider a layered wall made up of I layers with constant 

thickness ih   Ii ,1 . Convective heat transfer occurs on the top and 

bottom surfaces of the wall. 

The non-stationary heat conduction equation and the boundary 

conditions for a multilayer layered medium are derived from the heat 

balance variational equation [7]. 

The heat equation for the i th layer has the form 

t

T
T i
ii 


 , ni ,1      (1) 

where  iiii c   is the thermal diffusivity, i  is the thermal 

conductivity, i  is the density of the i th layer material, ic  is the specific 

heat at constant volume of the i th layer, iT  is temperature, t  is time, n  

is the number of layers. 

We take   constTi 0  as initial conditions. Besides, we suppose 

that the boundary condition of convective heat transfer over the top and 

bottom surfaces is the third kind boundary condition 

 111 TTT tt  ,   tTTT nbbnn ,0 ,  (2) 

where t  and b  are the convective heat transfer coefficients and tT  

and bT  are temperatures on the top and bottom surfaces, respectively. 

The conditions of equality of heat flows and temperatures on interfaces 

of layers are: 

0
1

110

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.    (3) 
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We assume that a heat-generating film with intensity P  is placed 

between the first and the second layers. Then the condition of the heat 

flow transfer between the layers is 

PTT  2211 .    (4) 

3. Method of the problem solution  

We seek a solution for each layer in the form 

             xftcxftbxftatzT i 321,  ,    (5) 

where 10,0,  xhzhzx iiii . Coordinate iz  is measured from 

an internal surface of each layer. 

As functions 3,2,1, kfk , we choose Legendre orthonormal 

polynomials  

   1665,123,1
2

321  xxfxff ,   (6) 

kllk dxff 
1

0

.       (7) 

Projecting the equation (1) to functions (3), we obtain 

                 dxxfxftcxftbxfta
h

kiiii

i

1

0

3212

1
 

              dxxfxftcxftbxfta kiii 
1

0

321
ɺɺɺ   (8) 

that in view of the condition (7) we get 

        0;0;512,
2  tctbhtcta iiiiiiii

ɺɺɺ .  (9) 

Taking into account (2) and (5), we obtain the following equalities  

           tctbtaTtctb
h

tt 11111
1

1 535632 


, 

           tctbtaTtctb
h

nnnbbnn
n

n 535632 


 .          (10) 

The conditions (3) and (4) take the form  

111 5353   iiiiii cbacba .   (11) 

                                          Ptctb
h

tctb
h







 22

2

2
11

1

1 56325632 ,    (12) 

The unknown functions we find from conditions (10)-(12). We form 

a system of linear algebraic equations in coefficients  taik ,  tbik  and 

 tcik   

  QVS  ,      (13) 

where 

ts 
11

,  
1112

23 hs t   ,  
1113

65 hs t   ,  
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1122 32 hs  , 1123 56 hs  , 2224 32 hs  , 2225 56 hs  , 

131 s , 332 s , 533 s , 134 s , 335 s , 536 s , 

2245 32 hs  , 2246 56 hs  , 3348 32 hs  , 

3349 56 hs  , 154 s , 352 s , 553 s , 

154 s , 355 s , 556 s ,  … , 

1143,22 32   nnnn hs , 1133,22 56   nnnn hs , nnnn hs  3213,22 , 

nnnn hs  56,22 , 153,12  nns , 343,12  nns , 533,12  nns , 

123,12  nns , 313,12  nns , 53,12  nns , bnns 23,2 , 

 nnbnn hs  2313,2 ,  nnbnn hs  653,2 , 

ttTq 1 , Pq 2 , bbn Tq 2 , 

11 av  , 12 bv  , 13 cv  ,  … , nn av 2 , nn bv 1 , nn cv  . 

The remaining components of the matrix and the right side vector 

are zero. The solution obtained in this case at each time step will be 

exactly satisfy the boundary conditions and conditions on interfaces of 

layers. Non-stationary feature will be reflected in the fact that the 

functions  tai  we determine from the Cauchy problem.  

The matrix of system (13)  S  has n2  rows and n3  columns. We 

express the functions  tbi  and  tci  through  tai  and the vector Q. We 

transfer coefficients at  tai  to the right side and form the matrix  B . We 

denote the matrix in the left side as  A . It has the order nn 22  .  

Then we get the system 

QXBYA  ][][     (14) 

where Y is vector with components  tbi ,  tci   ni ,,1… , and X is 

vector of coefficients  tai . 

We write the solution of the system (14) as 

      QAXBAY
11   . 

Then we solve this system of differential equations by a modified 
method of expanding the solution into a Taylor series [8; 9]. 

4. Conclusion 

A method for solution of non-stationary heat conduction problem 
in layered wall is proposed. The transient temperature change is caused 
by an impulse action of a distributed heat source simulating a heat-
generating film. Temperature distribution through the thickness of each 
layer is represented by using Legendre orthonormal polynomials, which 
allows authentic description of the thermal condition of layered 
elements assembled from layers with different mechanical and 
geometrical characteristics. 
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The solution of such problems has practical importance, as the 
results of this research can be applied, for example, to the analysis of 
the efficiency of heating systems. 
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МОДЕЛЮВАННЯ НЕСТАЦІОНАРНОЇ ТЕПЛОПРОВІДНОСТІ  
ШАРУВАТОГО СЕРЕДОВИЩА 
 

Запропоновано метод визначення теплового стану шаруватого се-
редовища. Як базисні функції задачі для кожного шару використо-
вуються поліноми Лежандра. Розроблений підхід дає можливість 
формалізувати алгоритм розв'язання нестаціонарної задачі тепло-
провідності і виділити клас об'єктів, для яких даний підхід можна 
застосувати. 
Ключові слова: шарувате середовище, теплопровідність, плівкове 
джерело тепла. 
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МОДЕЛИРОВАНИЕ НЕСТАЦИОНАРНОЙ ТЕПЛОПРОВОДНОСТИ  
СЛОИСТОЙ СРЕДЫ 
 

Предложен метод определения теплового состояния слоистой сре-
ды. Как базисные функции задачи для каждого слоя используются 
полиномы Лежандра. Разработанный подход дает возможность 
формализовать алгоритм решения нестационарной задачи теплоп-
роводности и выделить класс объектов, для которых данный под-
ход можно применить. 
Ключевые слова: слоистая среда, теплопроводность, пленочный 
источник тепла. 
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