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"HauioHanbHWUM yHiBEPCUTET BOAHOMO FOCNOAapCcTBa Ta NPMPOAOKOPUCTYBAHHS,
M. PiBHe
2PiBHEHCbKUI OepKaBHUIN r'yMaHiTapHUN yHiBepcuteT
’PiBHeHCbKa Megu4YHa aKageMis

A0 NUTAHHA BUBHAYEHHA MoAYJIA NMPY>XXHOCTI KOHCOJIbHO
3AKPIMJIEHOro CTPXXHA PE3OHAHCHUM METOA0OM

Y po6oTi po3rnsHYTO AesKi aCNeKTU YTOYHEHHS KOMMJIEKCHOro
MOAYNSA MPYXHOCTi MaTepiany KOHCONIbHO 3aKpPiNJIEHOro CTPUMIXKHA npu
MOro BU3HAYEHHi Ppe30HaHCHUM MeToaoM. [na  noniMepHUX
KOHCTPYKUWIAHUX MaTepianiB, WO XapaKTepusywTbCA 3HAYHUMU
MexaHiYHUMM BTpaTaMWu, OTPUMAHO CNiBBIAHOLWIEHHA ANS BU3HAYEHHA
BINCHOI 4YaCTUHM KOMIJIEKCHOr0O MOAYAA MNPYXXHOCTI Ta TaHreHca
MeXaHiYHUX BTPAT KOHCOJIbHO 3aKPIiNJIEHUX CTPUIKHIB NPSAMOKYTHOIO 1
Kpyrnoro nonepe4yHux nepepisis. llpoBeaeHi TeopeTUYHi po3paxyHKu
KoediluieHTiB, SAKi BW3HA4YalOTb MNOMPaBKU A0 AIACHOI YacCTUHMU
KOMMNJIEKCHOro MOAYJIAl NPY>XHOCTI Ta TAHreHca KyTa MexaHi4yHuX BTpar.
3 ypaxyBaHHAM iHepuii 06epTaHHA Ta Hanpy)KeHb 3CyBY B KOHCOJIbHO
3aKpinneHoOMy CTPMXKHIi OTPUMAHO BMpPa3 ANA BIAHOLWEHHA BJIACHOI
PE30HAHCHOI YacTOTU KOJIMBaHb A0 YaCTOTU, TEOPETUYHO PO3PaXOBaHOIT
Ha OCHOBi piBHAHHA KonuBaHb. [poBeAeHO TeOpeTUUHi PO3paxXyHKMU
BiAHOLIEHHA YacTOT KOJIMBaHb ANSA Aiana3oHy MOXXJUBUX 3Ha4YeHb
KoediuieHTa lNyaccoHa MaTepiany CTpUIKHA.

Knrou4oBi cnoBa: pe3oHaHCHUM MeTOoA, YacTOTa KONIMBaHb, MOAYb
NPY>XXHOCTI, TAHreHC KyTa MeXaHi4YHuX BTpaT, KoediuieHT NMyaccoHa.
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@ BicHuk
HYBI'nM

AKTYyanbHiCTb HAaNPSAMKY AOCNIMKEHHSA.

Pe3oHaHcHMM MeToa Ue — OAWH i3 Hambinbw NOLWMPEHUX
eKCnepuMeHTanbHUX MeToAIB BOCTIOXEHHS B'SI3KOMPYXHUX
BNIACTUBOCTEN PI3HOr0 TUMY KOHCTPYKUIMHMX MNONIMEpPHUX MaTepianis.
BiH [003BONSE BM3HAYWTU LiACHY 4acTuHy Mopyns npyxHocTi (E') i
TAHIeHC KyTa MexaHiYHUW BTpaT (th) y 3BYKOBOMY Aliana30Hi 4acTor.

Ons  TOHKMX CTPWXKHiB Momynb E' Bu3HauvaeTbcs  3a
CNiBBIAHOWEHHSAM, SIKE MOXHA OTPUMATU i3 MPOCTOr0 ABOYJSIEHHOrO
PIBHAHHA NpPW KONMBAHHAX Nig [IE0 CUNX, WO NPUKNA[AETLCS A0
3aKpinneHoro KiHuga [1]:

* 2 A4 2
Ey 0 u(x,t)+ 0"u(x, )
4 2
p ox ot

ne p - rycTuHa maTepiany CTPUXKHS, u(x,t) — @YHKUIA 3anexHocTi

=0, (1)

nonepeYHux 3MilleHb TOYOK OCi CTPUIKHSA Bi KOOpOMHATW X Ta 4acy [,
*

E - koMnnekcHuin Mogynb Npy»HOCTI, . — paaiyc iHepuii nonepeyHoro
nepepisy CTPUXKHS.

[iNCHY 4acTUHY KOMMJIEKCHOro Moaynsi  npysHocti
BM3HAYalTb TAKMM YMHOM [2]:

E! — 4Tc2pl4f;'2

i 4 2 ’ (2)

a,x
fe [ — [OBXMHA CTPUXKHS, f, — pe30HAHCHa 4acToTa KOJMBaHHS
CTPUXKHA, d, — [OesKi 4ucna, Wo € po3B'A3KAMU PIBHAHHA Mpw

BPaxXyBaHHi rPaHMYHOI YMOBM HA KiHLi CTPUXKHSA Mif Y4aC KONUBAHHSA, N —
NnopsAKOBUIMA HOMEP MOAWN KOJIMBAHHS.

IOna cTpuXHiB, i3 CKIHYEHUM BiOHOLIEHHSM TOBLUMHU CTPUXKHS
(d) no noro noBXuWHW [, pe30HaHCHi Y4acToTU MOro KonuBaHb ByayTb
HUXXYe YacToT, WO BignNoBiAalTb PiBHAHHIO (1) a 06uncneHHs Moayns E'
3a cniBBigHOWEHHAM (2) noTpebye BKJYEHHA B HbOMO A0AATKOBOIO
MHOXXHWKA, SKMN BU3HAYa€E MOMNpPaBKY A0 fr B 3aNexHocTi Big dopM-
dakTopa, kit € BigHoweHHsM d /1.

B npoBepeHuMx paHiwe  JOCHIAXEHHAX  3pasKkiB  psagy
KOHCTPYKUIMHMX noniMepHux MaTepianie [3] BigHOWeEHHSA d/l oyno

poctatHbo ManuMm (0,023-0,025) i nonpaBKka A0 pPe30HAHCHOI 4acToTu B
TakUX BUMAAKax € Manolo, Wo BiAMNOBIAHO HE BM/IMBAE HA BM3HAYEHHS
BennumHu E'.
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OpHak y Tux BMMNagKax, Koau HeobxiAHO BWKOPUCTOBYBATU
BiAHOCHO TOBCTi ab0 KOPOTKi CTPUXHI, Y SIKMX 3Ha4YeHHs dopM-daKTopa
nepesuwye 0,06-0,07, HeBipHE 00YMCNEHHSA NMOMPaBKU MOXE BHECTU Y
BEJIMYMHY MOAYNS MPYXKHOCTI 3HAYHY NOXMOKY. lNpu 3HaYeHHAX PopM-
dakTopa, aki nexatb y Mexax 0,15-0,2, ua noxmbka Moxke caratu
30-50%.

AHani3 nybnikauin Ta noctTaHOBKa 3aBAaHHA.

Ha cborogHi onybnikoBaHo pag pobiT Ae po3rnsaaatoTbCs NMUTAHHS
BU3HAYEHHSA MOOyNsa MNPYXHOCTI KOHCOMbHO 3aKPIiNAEeHOro CTPUXKHSA
pPe30HAHCHUM METOLO0M.

ABTopu poboTu [4] aHani3yroTb MOYATKOBY PE30HAHCHY 4YacToTy
KOJIMBaHb 3HAa4yHO AedOpPMOBAHUX KOHCOJSIbHUX 0anoK, BKa3ywuu, Lo
3HayHa gedopmauia 3MIHIOE reOMeTPUYHY XKOPCTKICTb Ta BMJIMBAE Ha
BJIACHi YacToT KonmBaHb. OTpUMaHi TEOPETUYHI pe3ynbTaTh NOKA3YOTh,
O PO36iXKHICTb MiX YacToTamMuM 30iNbLIYOTHCA i3 LOBXUHOK 0anokK, Wo
MOB'AI3aHO i3 3MIHOK MNOTEHLUiaNbHOI eHepril 3rMHy Ta KiHEeTUYHOro
BiAryKy cuctemu. TakoX AeTanbHO PO3rnafgaeTbCa BNAMB nonepenHbol
nedopMauii 6anok Ha pPe30HAHCHI 4acToTWU, WO € CYTTEBO OJ1S OLiIHKMK
eHepril KoJIMBaHb Ta 3MiLLEHb.

B po6oTi [5] npoBemeHo aHani3 BAAcCHMX 4acTOT KOMMBaHb Ta
$dopMM Mo, KONMBAHb KOMMNO3UTHUX KOHcoNien. [1na TeopeTUYHOT Mogeni
3 BWKOPUCTAHHSAM 8-BY3/10BMX €JIEMEHTIB MNOKAa3aHo, WO 4acToTa
KOJIMBaHb 3a51eXUTb Bif, MOAYNSA MPYXXHOMO MaTepiany, eHepril KoNMBaHb
i 3MiLLLleHHS.

B [6] npoBepeHo TeopeTWyHe, YMCeslbHEe Ta eKCNepuMeHTaNbHe
AOCNIOXKEHHS BiSIbHUX Pe30HAHCHUX KOJIMBAHb KOHCOJIbHO 3aKPinjeHoro
CTPUMIXKHA. 3anponoHoBaHa B poboTi Mofenb OMUCYE KiNbKICHO BRACHI
YaCTOTM Ta PEXMMMU KOJNIMBAHb, BKJIKOYAOUYM BUMIPIOBAHHSA 3MilleHb Ta
eHepreTUYHi acnekTu.

OTXe MeTow CTaTTi € OrNsSA NUTAHHSA 06YMCNEHHS MOMPaBOK, L0

BPaXOBYKTb CKIHYEHHICTb BiQHOLEHHS d/l reoMeTpmyHMX po3MipiB

CTPMXKHA Ta AMHAMIYHMX XapPaKTepPUCTUMK MaTepiany, OAS YTOYHEHHS
BNIACHMUX pPE30HAHCHWUX YacTOT KONMBaHb Ta MOAYNSA MPYXKHOCTI
KOHCTPYKLUIMHMX NOMIMEPHMX MaTepianiB y Aiana3oHi MOXKJIMBUX 3HAYEHb
koediuieHTa MyaccoHa (v).

Buknan ocHoBHOro Matepiany.

Po3B’a30Kk piBHAHHA (1) npeacTtaBuMo y BUrAsSdi rapMOHIYHOT
PYHKUIT:

u(x,t)= X(x)e™ . (3)

fIK pe3ynbTaT OTPMMAEMO TaKe PiBHAHHS:
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@ Biewne
d*X(x)

st k' X(x)=0, (4)

ne k' — KoMMneKcHe XBUbOBE YUCIO.
3aranbHuN po3B'A30K PiBHAHHS (4) NpeaCcTaBMMO TaKUM YMHOM:
X(x)= A4 cosk’x+ A, sink"x + Achk"x + A,shk"x,
ne A. - nesiki KOHCTaHTU.
PaHMYHi yMOBM Ha KiHLUSX 3pa3Ka MalOTb HAaCTYNHUIW BUINS4;
X(0)=x"(0)=0;
” 14 (6)
X'(l)=Xx"(1)=0,

ne [ — poexunHa 3paska.

IHTerpan pisHaHHA (2.1.3), wo 3apgoBonbHsie ymosi x =0, mae
TaKum BUrnNapg;

X(x)= %A3 (chk*x —cos k*x)+ %A4 (Shk*x — sin k*x). (7)

YMO0Ba Ha KiHLi CTPMKHA X =/ gae HacTynHy cucTeMy piBHAHb [2]:

{A3 (chk'l + cosk’l)+ A,(shk’I + sink'1)=0,

A,(shk'l = sink’1)+ A, (shk "1 + sink'1) =0,
ne
* % \2 24 % LD g%
(chk'1+ cos k1) —(sh*k'1 - sin* k'1)=0, (9)
abo
chk’lcosk 1 +1=0. (10)

* 3 -
Moknapatoumn k [ = a+ib, npn pe3oHaHCi CTPUXKHSA 32 YMOBM
a=a,, b =0, MoxHa oTpUMaTK CniBBiAHOWEHHS ANS aMNAITyaun

KoNunBaHb 3paska [7]:

. 2
X, (x)= C(chanx—cosanx— (sha,x - sina,x) ] (11)

cha x +cosa,x

Ae a, — KopeHi piBHaHHS (10), C - pesika KOHCTaHTa.

BenuunHun g Ta b BU3HAUaOTLCA HACTYNHUM YuHOM [2]:
1 1

2 2
a;m—ZDDDDDDDbElm—ZIthD (12)

p

)
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Mepwi yoTupu KopeHi piBHAHHSA (10) BignoeigHo piBHi [1]:
kl =1,8751; 4,6941; 7,8548; 10,9965 (13)
Ha puc. 1. npeactaBneHi 3aneHocTi HopMoBaHoi amnnityan X

Bi[ JOBXWHW CTPUXKHA ANA YOTUPLOX 3HauYeHb Al .
2

2
[ns NpAMOKYTHOro CTPWMKHSA :E' ANna CTPUXKHA 3 Kpyrnum

2

nepepisom (aiametp d) x2 =—.
16

BignoBigHO nNpu OCHOBHIN pPEe30HAaHCHIN 4acToTi f1 AKin

BiQNoBigae HaWMeHWWN 3a 3HayYeHHAM KopiHb (13) piBHaHHS (10),
OTPMMAEMO CMIBBIAHOLWEHHSA ANS AINCHOI YacTUHU MOAyNsa MNPYXKHOCTI
CTPVXKHSA i3 MTPAMOKYTHUM (1) nepepisom:

. 48n’plt £
k= 4 52
1,8751°d

1- as as a ai

(14a)

0.51

-0.51

-1-

Puc. 1. HopMoBaHi amMnniTyam ons 4oTMpboX 3HaueHb d, .

ANA CTPUXKHSA i3 KpyroBuM (o) nepepisom:
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o 64n’pl* £}

- J1 (146)
? 187514
Ons BennyunnHm tg5 MAEMO TaKy PIiBHICTb:
A
tg6=i. (15)
A
ne Af1 — WWpPWHA PE30HAHCHOI KPMBOI HA BUCOTI MOJIOBUHMU

aMMAITYAHOr0 MAaKCUMYMY.

AKWwo noniMepHMM Matepian BOSIOAIE 3HAYHMMU MeEXaHIYHUMMU
BTpaTamMu, TO BJIACHIi 4acTOTM € f[ewo IHWKMMK, HIXK pO3paxoBaHi
KNAaCUYHUMM MeTodaMu Teopil NpyXKHOCTi. Tak Ans B'A3KOMPYXXHOro
MaTepiany 3 NOCTiHOK AWHaMiuHOW B'si3KicTo Bupasu ana E' (E)) Ta

120, YTOUHEHI 3 BpaxyBaHHAM AMCUNATUBHUX BTPAT ByayTb MaTh Takui

surnag [8]:
48m’pl* .,
E =———_ £°§ ; (16)
: 1,87514d2f1 £
64n’plt
E =———f°S : (17)
? 1,87514d2f1 £
1gd _M AV (18)

/i
ne S, = 1+1£A—flj —lLA—fIJ Ta
20h) 4L

2 4
3( A 23( A
Sth — 1__(4} +_(l}
4\ f 32\ f,
BignoBigHo, ysiIBHa 4acTWHa E" koMmnnekcHoro E npu BiBOMUX
E' ta th BM3HAYNTbCA TAKUM YMHOM:

E"=E'tgs. (19)
TeopetuyHa ouinka BenuunH S, Ta S ; Bia Af;, B Aianasowi

3HaueHb Big 5-25 'y, Ta f;, BignosigHo, 50-200 Iy npefcTasneHi Ha
puc. 2, 3.
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AHania oTpMMaHUX AaHWX MOKa3ye, WO BeAUYMHA MonpaBku S,

A0 MOAYNSA NPYXHOCTi B Aiana3oHi BU3HAYEHUX YACTOT He MNepeBULLYE
3HauyeHHs 1,12, a BeNNYMHA MOMPABKM A0 TAaHreHCa MEXaHiYHMX BTpaT

S,g5 He MeHwe 0,86.

Ons CTpMXKHSA i3 CKIHYEHMM BIQHOLWEHHAM d/l KONIMBAHHA Ha

3rMH MOXYTb 6YTM ONMUcaHi PIBHAHHAM, Ke oTpuMMaHe i3 piBHAHHS (1)
WNSXOM [0AaBaHHA A0 HbOrO psay 4jieHiB, wo o06yMOBAOTL
36iNblIEeHHS KiIHETUYHOI eHepril i 3MiHY 3MilLeHHS MOro TOYOK BHACMIAOK
KonMBaHb HA 3rnMH. PO3B'I30K YTOYHEHOro pPiBHAHHA [03BONUTH
BUPA3UTM PE30HAHCHI 4YacTOTU CTPWMXKHSA 4Yepe3 MOro rycTUHY,
reoMeTpUYHi po3Mipu i Npy>Hi cTani abo, HaBNaku, BUPa3nTU MOAYIb
MPY>HOCTi Yepe3 pe30HAHCHI 4YacToTU, F'YCTUHY, FreOMEeTPUYHI PO3MipH i
KoediuieHT [yaccoHa.

B po6orTi [9] TumoweHko C.M. oTpuMaB piBHAHHA, AKe OOCTaTHLO
TOYHO OMMWUCYE KONMBAHHA HA 3rMH i3 CKiHYEHUM BiQHOLWEHHAM d/l

AoAaBLWK A0 piBHAHHA (1) yneHuW, SKi BpaxoBylOTb NOMNPaBKY Ha iHepLito
obepTaHHS i HaNpyry Ha 3CyB:

Ey’ o'u(x,t) oulxt) E \o'ulx,t) °p0*u(x.t)
i T i Al R 1~ T 4
p ox ot Ku)oxorw Kup ot

e L — Moaynb 3CyBY, K' - koHcTaHTa, BBegeHa TumoweHkomM C.M., ska

=0. (20)

3anexutb Big, ¢$OpMM MNonepeyHOro nepepisy i piBHA BIAHOWEHHIO
cepenHbOro KyTa 3CyBYy No nepepidy A0 KyTa HA HEMTPabHIN ocCi.

Mpn pe3oHaHCHMX 4YacToTax KOJIMBAHb, WO BiANOBIQATb
piBHAHHIO (20), ANS WapHIPHO 3aKPINJIEHOro CTPUXKHSA, YMOBU Ha KiHUAX
MOBWHHI 3a0BO/ILHATM TaKOMY po3B’'A3Ky [9]:

. nmX
U= CsznTcos 2nf t.

A€ N — 4YUCNO MiBXBWUb HA [AOBXWHI CTPUXKHSA, piBHE MNOPAAKOBOMY
HOMepy MOOM KOJIMBAHb.

MiactaHoBKa cniBeigHoweHHS (21) B piBHAHHA (20) | HEXTyBaHHS
OCTaHHIM U4NIeHOM, $K BEeJINYMHOK [PYroro nNOpsAKy ManocTi, Aae
MOXJIMBICTb OTPUMATU BUPaA3, SKUN MOB'A3YE BJIACHY PE30HAHCHY

Ey’n’
2pl*

*
4acTOTy KONMMBaHb CTPWMXKHSA f, 3 uactotow f, = ., Wo

BiQNOBiQa€ po3B'A3KY piBHAHHSA (1):
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@ Bienne
* 2 .22
Loy L (1+2(v+,1>]_

Moaynb Npy»XHOCTi, B TAKOMY BUMNAQKy, MoXe ByTn po3paxoBaHUM
3a cnieBigHoWweHHAMKU (14) ONA TOHKOrO CTPWMXKHA, HAKLO 3aMicTb

- .. - *
BUMIpsiHOl YacToTn f, nigcTaBuTu yacToty f, .

80

100

140 '
fi 160 10 Af,

180

200 5

Puc. 2. [liarpama 3anexHocti Benuuunn S, Big Af, 1a f,.

*

/

TeopeTUyHi OLIHKM BiJHOLWEHHA YacToT ~—— B 3aJieXXHOCTi Bif
n
senvumun d/l B pianasoHi 3HadeHb po 0,2, Ans pisHMX 3HadeHb
kKoediuieHT [lyaccoHa MaTepiany CTPWMXKHS, NPU 3HAYEHHI KOHCTAHTU
Tumowenko piHin K' = 2/3 [11] npeacTaBneHi Ha puc. 4.
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088+

0861

10
15 A,

60 55

Puc. 3. [liarpama 3anesxHocTi Bennund S, 5 8in Af; Ta f).

l.li
1.08{
1.06{
1.04{

1.024

S

*

J,

0,5

0,35

0
-0,1
-02
-03
-04
-0,5
-0,6
-0,7
-0,8
-0,9
-1

djl

ISSN 2306-5478

10 002 0.04 006 008 01 0.12 0.14 0.16 0.18 02

Puc. 4. 3anexHocTi BigHowWweHHS yacToT /. Bifg BennunHm dpopm-
s

$akTopa oA 3HayeHb KoediuieHTa lNyaccoHa vy giana3oHi Big — 1 o
0,5.
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OTpMMaHi TeOpeTMYHi po3paxyHKM MOKa3ywTb, WO BiAHOLIEHHS

*

Ji 3poctae i3 36iNbIEHHAM BEANYMHM d/l npn Bcix 3HaueHHsx

s

KoediuieHTa [llyaccoHa v. MaKcuManbHe 3Ha4YeHHS BiOHOLWIEHHS L

e
CNOCTEPIraeTbCs ANA KOHCTPYKUIMHUX MaTepianis i3 v = 0,5 (Hanpuknagn
Kayuyk) i piHe 1,096. [lns maTepianis i3 koediuieHTOM [MyaccoHa — 1
(Hanpuknap TepmonnacTuyHuin  noniypetadH [12]) MakcuManbHe

3HauenHs Ju popiHtoe 1,016.

n

Ona  6iNbWOCTI  KOHCTPYKTUBHUX  MOJIIMEPHUX  MaTepianis
(Hanpuknag: nonieTuneH, noninponineH, noniBiHiNxnopua, NoaicTUPON,
nonieTuneHTepadranart) kKoediuieHT [llyaccoHa 3HaxoAuUTbCA B OKONI
3HayeHHs 0,35. MakcMManbHe 3HAaYeHHS BiAHOLWEHHS 4acToT, B TAKOMY

s

BUMNAAKY, fin npM MaKCMMaNbHOMY 3HAYeHHi BiQHOLIEHHS d/l piBHE

n

1,084.

BucHoBku

Ons noniMepHMX KOHCTPYKUIMHUX MaTepianiB, SKi BOJIOAIOTb
3HAYHMMN MEeXaHiYHUMW BTpaTaMKU, OTPUMaHiI CNiBBIAHOLWIEHHSA AONS
BM3HAUYEHHSA [AINCHOI YacTUHW KOMMJIEKCHOrO MOAYNA MPYXHOCTI Ta
TAaHMeHCA MEeXaHiYHUX BTPAT KOHCOJIbHO 3aKPIMNJEHUX CTPUMKHIB i3
NPAMOKYTHUM Ta KpPYyroBUM nNepepi3oM npuv pPe30HAHCHOMY MEeTOAi
BUMIpIOBaHb.

TeopeTnyHi po3paxyHKN KoedilieHTIB, SIKi BU3HA4YalOTb NOMNPaBKMU
00 OiNCHOT YaCTUHW KOMIMIEKCHOIO MOAYNs MPYXHOCTI Ta TaHreHca KyTa
MEeXaHiYHMX BTpaT, MpPOKasanW, WO BIAHOCHI MNOXMOKM BU3HAYEHHS
YTOYHEHUX 3Ha4YeHb BIQMOBIAHUX BenuYMH HenepesuwyTs 11 % Ta
16 % npu MiHiManbHi Pe30HAHCHIM YacTOTi KONIMBAHb Ta MaKCUManbHIN
LWWMPUHI PE30HAHCHOI KPWMBOI HA BWUCOTI MONOBMHW aAMMAITYAHOro
MaKCMMyMy. |3 36inblUeHHSIM pPe30HAHCHOI 4YacToTWM KonMBaHb abo
3MEHLUEHHSIM LUMPUHU PE30HAHCHOr0 MAaKCUMYMy BIiOHOCHI NOXMOKM
BU3HAYEeHHS YTOYHEHUX 3HaYeHb OyayTb 3MEHLIYyBaTUCS.

I3 BpaxyBaHHSAM iHepuil ob6epTaHHs | Hanmpyrm Ha 3CyB Yy
KOHCONIbHO 3aKpinaeHOMYy CTPWMXKHI OTPMMaHO BMPA3 ANA BiQHOLWEHHS
BN1TACHOI Pe30HAHCHOT YacTOTU KOJIMBAHHS 00 TEOPETUYHO PO3paxoBaHOIl
i3 PIBHAHHA KONMBaHb.
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MNpoBeneHi TeOpeTUYHI PO3PaxyHKWN BiAHOLEHHSA YacTOT KOJIMBaHb
ONs piana3oHy MOXIIMBUX 3HayeHb KoediuieHTa [lyaccoHa MaTepiany
CTPMXKHSA MOKasanu, WO MaKCUMaJibHe 3HAYeHHS BiQHOLWEHHS 4acToT
cnoctepiraetbca npu  v=0,5 a MiHiManbHe npu v=-1, 3a
MAKCUMaNbHOro 3Ha4YeHHS GopM-paKTopa CTPUIKHS.
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ON THE ISSUE OF DETERMINING THE MODULUS OF ELASTICITY OF A
CANTILEVERED ROD BY THE RESONANCE METHOD

The purpose of the article is to review the issue of calculating
corrections that take into account the finite ratio of a rod's geometric
dimensions to the material's dynamic characteristics, in order to
refine the natural resonant frequencies and the modulus of elasticity
of structural polymer materials across the range of possible Poisson's
ratio values.

For rods with a finite thickness-to-length ratio, the resonant
frequencies of their oscillations will be lower than the frequencies
corresponding to the solutions of the oscillation equation. Calculating
the modulus using the analytical relationship requires the inclusion of
an additional multiplier that determines the correction to the resonant
frequency depending on the form factor, which is the ratio of
thickness to length.

In previous studies of specimens made from various structural
polymer materials, the thickness-to-length ratio was sufficiently low
(0.023-0.025); consequently, the correction to the resonant frequency
was small and did not affect the determination of the real part of the
elastic modulus.

However, in cases where it is necessary to use relatively thick
or short rods, in which the form factor value exceeds 0.06-0.07,
incorrect calculation of the correction can introduce a significant error
into the value of the elastic modulus. With form factor values ranging
from 0.15 to 0.2, this error can reach 30-50%.

If a polymer material has significant mechanical losses, then
the natural frequencies are somewhat different from those calculated
by classical methods of elasticity theory. For polymeric structural
materials, relationships have been derived to determine the real part
of the complex elastic modulus and the mechanical loss tangent for
cantilevered rods with rectangular and circular cross-sections.
Theoretical estimates of corrections to the elastic modulus and the
mechanical loss tangent were carried out within the specified
frequency range. Analysis of the obtained data shows that the
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correction factor for the elastic modulus did not exceed 1.12, while the
correction factor for the mechanical loss tangent is at least 0.86.

For a rod with a finite thickness-to-length ratio, flexural
vibrations can be described by an equation derived from the vibration
equation by adding terms that account for the increase in kinetic
energy and the change in point displacements resulting from flexural
vibrations. The solution of the refined equation will allow us to
express the resonant frequencies of the rod in terms of its density,
dimensions, and elastic modulus, or, conversely, to express the
elastic modulus in terms of the resonant frequencies, density,
dimensions and Poisson's ratio.

An expression was obtained that relates the natural resonant
frequency of the rod to the frequency corresponding to the solution of
the equation of oscillations.

Theoretical estimates of the frequency ratio were performed as
a function of the form factor (up to a value of 0.2) for various values of
the rod material's Poisson's ratio, with the Timoshenko constant set to
2/3.

The results obtained show that the frequency ratio increases
with increasing rod form factor for all possible values of Poisson's
ratio of structural polymer materials. The maximum value of the
frequency ratio is observed for materials with a Poisson's ratio of 0.5
(e.g., rubber) and is equal to 1.096. For materials with a Poisson's
ratio of — 1 (thermoplastic polyurethane), the frequency ratio is 1.016.

For most structural polymer materials (polyethylene,
polypropylene, polyvinyl chloride, polystyrene, polyethylene
terephthalate), the Poisson's ratio is in the vicinity of 0.35. In this case,
the maximum value of the frequency ratio, at the maximum value of
the form factor, is equal to 1.084.

Keywords: resonance method, oscillation frequency, elastic
modulus, tangent of the mechanical loss angle, Poisson's ratio.
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