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3AAAYA 3 IMNYJIbCHOIO AIE AJ1d 0AHOro PIBHAHHA KOJIMBAHb
CTPYHM

HocnipyxeHo npouec KONMBaAHHA CTPYHM 3 IMMYNIbCHOIO Ai€l0 NpU Aocsa-
rHeHHi eHepril KOJIMBaHHA CTPYHMU 3a4aHOM0 KPUTUYHOrO piBHA. BusHa-
4YeHO YMOBM iCHYBaHHSA PO3B'A3KiB, ANA AKUX iMNynbCcHa AiA BiabyBa-
€TbCA HECKIHYEHY KiNbKiCTb pa3iB Ta 3anMcaHo BUrNsaA po3B A3KiB.
Knroyosi cnoBa: pudepeHuUianbHi pIBHAHHSA, iMNYNIbCHA Aisl, KOIMBaHHSA
3i 3BOPOTHOMO Ai€l0.

Bctyn. [Ins neBHOI HWM3KWM 3a4ay BUMHMKAE HeobOXigHICTb pochni-
OXKEHHSA MEXaHIYHUX CUCTEM, L0 3HAXOOATLCSA Nif Qi€ «MUTTEBUX» CUJI.
Mpuknagu 3agay MoXKHa 3HanTK B poboTax [1-5]. OocnigykeHHa mMaTema-
TUYHMX MOAEeNen TaKoro Tuny nNpouecis NPMBOAUTL A0 BUBYEHHA Ande-
pPeHUiaNbHUX PiBHAHb 3 iMNyNbCHOO dicto [6]. ¥ cTaTTi [5] posrnapaeTbca
3a3a4a NpPo KOJIMBAHHSA CTPYHMU 3 iIMNYNIbCHO i€l Yy PiKCOBAHI MOMEHTHU
yacy, y ctattax [2; 3] — 3amaya Npo KOMMBAHHA CTPYHU 3 PO3CilOBaHHAM
eHeprii, ge iMnynbcHa 3MiHa npouecy BiAbyBaeTbCA B MOMEHTM Yacy, Ko-
JIN NOBHAa eHepris CUCTEMU NPUXOAUTb A0 33a4AHOM0 KPUTUYHOMO PIiBHS.
To6T0, MOMEHTM IMMYNbLCIB BU3HAYAOTLCA CaMuM npouecoM. [laHa pobo-
Ta NPoAoBXYyeE AocnimxeHHa [2; 3] Ta po3rnapae 3aaavy ons iHWoro pis-
HAHHS KOJIMBAHHA CTPYHW, 3MIHIOOYM 3aKOHWU iMNynbCHOI Ail. [ns Takoi
3a43a4i BU3HAYEHO YMOBW ICHYBaHHA PO3B'A3KIB, ANA AKMX IMNyNbCHa Ais
BiAOYBAETbCA HECKIHYEHY KifbKiCTb pas3iB Ta 3anuMcaHo BUMNAL
PO3B’'SA3KIB.

MocTtaHoBKa 3apaYi. KonvBaHHA CTPyHM 3a4aMO PiBHAHHAM

Uy = a%uy, —2vu, —bu  (0<x<1,0<t<w), (1)
no4yaTkoBMMuU
u(x,0)=9pg(x), u(x0)=yp(x) (0<x<I) (2)

Ta rPAHNYHUMU YMOBaAMU
ux(O,t)—hu(O,t)zo, ux(l,t)+hu(l,t)=0 (OSt<oo), (3)
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Ae u(x,t) — 3MilLEHHS CTPYHU B MOMEHT yacy f; a,b,c,v,l,h=const >0,
g0 € C?[0,1], Mae KycKOBO-HenepepsHy Ha [0,1] noxiaHy TpeTboro no-
PSAKY Ta 33[10BOJIbHAE YMOBaM ¢q (0)=gq (1) =0, ¢§(0)=¢p (1) =0; dyH-
KUuis g e’ [0,1], mae kyckoBo-HenepepBHy Ha [0,/] moxiaHy apyroro
NOpsAKY Ta 3a[10BONIbHAE yMoBaM wq (0) =y (1) =0. Ans y3romxeHocTi

MOYaTKOBWX Ta FPaHNYHKX yMOB BUMaraeMo ¢y (0)=¢g(7)=0.

3a peryntow4nin GyHKLIOHAN Bi3bMEMO NMOBHY E€HEPril0 KOJIMBAHHSA
cTpyHU E, (¢), fiKa BU3Ha4aEeThCA 3i cniBeiaHowWeHHS [7]:

By () =2 [ ((ame P o (o PJie s 5 (20004 2(0) @
0

3 KPUTUYHUM 3HaYeHHsAM Ey >0 Ta iMNy/IbCHUM 3aKOHOM

(u(x,t + 0) - u(x,t - 0))‘Eu(t):EO =a (x),

(5)
(ut(x,t+0)—ut(x,t—0))‘ =p(x) (0<x<I),

Eu(t):EO
ne aeC? [0.1],p € ol [0,1] - 3apaHi dyHKLUii, npuyomy “|x:01 = ﬁ’|x:01 =0,
a'|

oy =0, a”|x:01 =0, TpeTa noxigHa GyHKLUIT a Ta gpyra noxigHa ¢yH-

Kuii B € KyckoBO-HenepepBHi Ha [0,/].

OTKe, NOBHa MOCTAHOBKA 3a4auvi CKNAafQeTbCsA 3i CNiBBiAHOLWEHDb
(1)-(4) npuuyomy pieHocTi (1)-(3) cnpaBeanuei TiNbKM y BUNagKy
E,(t)#Eqy. Akwo E,(0)=Ey, To B ymoBi (4) po3srnspaemo ¢q(x) 3a-
MicTb u(x,7-0), wo(x) 3aMicTb u, (x,—-0) Ta 0 3aMicTb 0.

Yepes #;,k €N no3Ha4yMMo MOMEHTU iMNYNbCHOI Ail, TOBTO MOMeH-
TMkonm E, (1, )=Eg.

Min poss’sskom 3apavi (1)-(3), (5) posymiemo dyHKUilO u =u(x,t)
OBidvi HenepepBHO AndepeHUinoBaHy 3a 3MIHHUMK X, B KOXHil obnacTi
D, ={(x,t)|xe[0,l],te(tk,tk+1),Eu(t);tEo,to :0}, k=0,12,..., KpiM TOro
byHKLUiA u Tali NnoxigHa u, HernepepBHi 3M1iBa B TOYKax t=1¢;, ke N.

Po3s’a3ok 3agaui (1)-(3), (5) icHye, eanHMIA Ta BU3HaYeHU B obnac-

a0
Ti D= U D;, sk po3B's3ok 3apavi (1), (3) ans piBHAHHS KONMBaHb CTPY-
k=0

HW B KOXHiil obnacTi Dy ={(x,t)|xe[0,1],te(tk,tk+1),Eu(t)¢Eo,to =O}.
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k=0,12,... 3 noyaTkoBMMuM ymoBamu (2) ana k=0 Ta NOYaTKOBOK YMO-
BOHO
Ok (x) = u(x,tk)+a(x), W (x) = u, (x,tk)+ﬁ'(x), X e [O, l] )
ans k=12,....
AcMMnTOTMYHA NoBeAiHKA MOMEHTIB iMNyJbCiB
l
Teopema. fAkuwjo E,(0)>Eg, j(aZai (x)+ B2 (x))dx >8Ey, TO
0

t —> 40 nNpn k — +oo.
JoBepeHHs. Po3B'a30k 3anauvi (1)-(3) mae surnan

u(x,) = ZRO,, (¢)sin(4,x+,),

e
e ((pon + l//ont), npu v2 = (aln )2 + b,
Ry, (t)=14 ¢ (pg,cho,t +wy,shw,t), npu 2 > (ad, )2 +b, (6)

e (poncosw,t + t//onsinwnt), npu V2 < (a,ln )2 + b,
v? — (a4, )2 —b, npu V> > (a4, )2 +b,

(ain)z +b—v2, npu v2 <(aln)2 + b,
2, Ta X, (x)=sin(4,x+6,) — BiANOBIAHO BNACHi 3HayYeHHs i BnacHi ¢y-
HKLiT 3apavi: X”(x)+12X(x)=0, X'(0)-hXx(0)=0, X'(I)+hX(1)=0,
X, (x) yTBOpIOIOTL OPTOroHanbHy cucteMy dyHKuUin Ha [0,/], 4, - nopa-
THi KOpeHi PiBHAHHSA tgllz%, by =0(7n)NpN n— +0, 0, =actg'1—".
X —h h
CnpaBepnuei cniBBiAHOLWEHHS
2(/13, +h2) !
o(x)sin(4,x+86,)dx,

Pon =
T (An)ie2ng

2(/13, +h2) !

T+ W2 )1+21

Y0n®n =VP0n +( w(x)sin(4,x+0,)dx,

o, =1, ans y2 :(a,ln)z +b.
Topi, 3riaHo 3 (4), eHeprito KONIMBAHHA CTPYHU Y MOMEHT Yacy t MOXHa

npeacTaBuUTU y BUrNaai
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0
:%Z(RO” (l sin(4,!)cos(4,! + 26 )+1g,l+

(7)
+h(sin2 (Al +6,)+ sin? 9, )) + 88, (2) fnl 2SI (l,,l)lcos(lnl + 20 )J
n
ae Ron(t) BM3HAYa€EMO i3 cniBBiAHoWEHb (6), a S, (t) i3
eV (‘I/On - Voo, — w//ont), npu v = (aln )2 + b,
—vt _ h f—
Son (t) _ e ((an’On V¢On)c (O™ npu V2 S (aln )2 +b, (8)

- (V'I/On ~ 0y P0n ) Shwnt)’

e_Vt ((wn‘//On - WpOn)coswnt - npu v2 < (aln )2 + b
—(VWon — @00 ) sinwnt),

3rigHO HaknageHMX YMOB Npu NOCTaHOBLi 3aaadi Ha QYHKLIT @g,yg,

psa y cniBeigHoweHHi (7) 36iraetbes piBHoMipHo [7]. Tomy E, (t)—0
PN f—> -+ 3a PaxyHOK MHOXHUKa e . Tob6To eHepris KONMBaHHS
CTPYHM 3 MJIMHOM 4Yacy PO3CIlOETLCA | Npun 3agaHoMy E; MOXuBI BUMa-

OKN:
a) E, (0)< Eg, Tonj iMnynbcy BiacyTHI i E, (1) >0 npn ¢ — +o;

6) E, (0) > Ey, TOAi iCHYE MOMeHT Yacy ¢ =t >0 Konu 34iNCcHI0ETLCA
nepwmmn iMmnynbc. MOMEHT # LIYKAEMO 3 PIBHSAHHSA

M8

(Rg,, (£) (4 SN (A1) COS (2,1 +26,,) +h(sin2 (4l + 6, ) +sin? 0,,) +
1

n

+z§,1) + 52, (1 Il —sin(,1)cos (4,1 + 20,,)} _aE,

2

n

Mpu E, (t-0)=Ey po3nuiiemo

t+0 _EI( xt— +ax(x))2+(ut(x,t—0)+ﬂ(x))2)dx+
a2 0 2
+—(h2(u(l,t—0)+a( )P + by (0,6~ 0) + a(0)) )z

2

2
l
z%g( 202 () + 42 (x)bc + - ge® (1~ 0) Iy (0, -0)) -
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/
1 2 5 1
_Ej(az (”x (x,t —0)) +(ut (x,t —O)) )dx sz(azai (x)+ ﬂz (x))dx—EO.
0 0

A Tomy, Ans 3abe3nedyeHHs iCHYBaHHA HECKIHYeHOT NOCAifOBHOCTI

iMnynbcie npu 3agaHnx Ey,a, f, BAMaraeMo BUKOHaHHA HEPiBHOCTI

E <%j(a2a,2€ (x)+,6'2 (x))dx (9)

Ons ¢ >t po3s'asyemo 3apauyy (1), (3), a 3amicTb ymoB (2), 3 ypaxy-
BaHHAM (4), MaEMo yMOBM

u(x,O)z (x)+a(x) u(x0)= (x)+ﬂ(x),

ne 0<x</l,p(x ZRM (t)sin(24,x+8,),
n=1
7] (x) = Z S1n (t1)3in(j,nx + Hn) .
n=1

Topni po3s'a3ok 3apavi (1)-(3), (5) npu ¢ > ¢, Habyne Burnagy

ZRM sin(4,x+8,),

e

e (ROn (t1)+0!n +t(SOn (t1)+ﬂn))’ npu v2 :(aln)z +b,
o (1)- e ((ROn (t4)+a, )chwnt + upi 2. (a )2 b
1" +(Son (11)+ By )) sheoys, S
oM ((ROn (1) + an)coswnt + npu 2 < (ad )2 b
+(S0n (t1)+ By )) sinw,,t, "

a eHepriﬂ KOJIMBAHHA CTPYHU BU3HA4YEHa piBHﬂHHﬂM

Z(R1n ) (2 SN (A1) COS (41 +26,) + 721 +

Iyl —sin(4,1)cos(4,l + 20, )J
l )

n

+h(3in2 (4,0 +6,)+sin® 6, )) + 8%, (1)

B IKOMY
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e (1-v)(Sou (£)+ )~ v(Ron (1) + @, ), mpu v* =(ad, s,
™ ((Ron (£) + ay ) (@, she,t —vecho,t) +
(Som (1) + ) (pchen s )
e ((SOn (1) + B, ) (@4cosm,t —vsinaw,t) -

~(Ron (2) + @, ) (0, sine,t + v cos wnt)),

npu v2 > (a,ln )2 + b,

npu 2 < (aln )2 +b,

2(2 -n?) 1
E (+ZZ)I+)2h£a(x)sin(z,,x+a,,)dx.

p.ow, =va, + 2(ﬁl+h2) j.ﬁ(x)sin(i x+0,)dx
T (A ewP)ie2ng e

a, =

Pan y npasin yactuHi ¢opmynm (10) 36iXKHMIA piBHOMIPHO 3a paxy-
HOK YMOB ANna yHKUIN a,f Ta ¢y yy. 3BiACK Eu(t)—>0 npu t — +oo.

To6To iCHY€E HAaCTYMHUIN MOMEHT Yacy f, (1, > #1), konmn E, (tp) = Ey.
Mpu 3apaHux a, f, Ey BUKOHAHHS HepiBHOCTI (9) 3abe3neuye icHy-

BaHHSA HECKIHYEHOT NOCNIAOBHOCTI IMNYNbCiB, MOMEHTU BUHUKHEHHS AKX
no3HaumMmo #1(>0) <1, <t3 <... TeopeMa aoBeaeHa.

MpopoBXywUn NOJIGHUM YMHOM MIPKYBAHHS, OOEPXKWUMO BUMISA
po3B's3Ky 3apavi (1)-(3), (5) pna ¢, <t <t q:

ZRkn sin(4,x+6,) (11)

Ta PiBHAHHA ANSA 3HAXOMXKEHHS #; 4 MOMeHTy iMnynbcy

o0
Z(Rk,, ti1)(Zn sin(z,,l)cos(z,,l+20,,)+h(sin2(z,,1+0,,)+sin2 0,,)+

n=1

Il —sin(4,1)cos (4,1 + 20, )] iE
= 0,
2

n

ol |+ ST (1)
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ne

_ 2
e (Rk—1,n (1) +a, + t(Sk—1,n (t1)+ By )), npu v? = (a2, )" +b,
e ((R,_1,(t1)+a,)cho,t +
Ry, (t) = (( , 1’n( 1) n) 8 npu 2 > (aln )2 +b,
+(Sk—1,n (t1) + ﬁn )) shwnt,

e ((Rk—1,n (1) +ay, )coswnt +

2 2
npu v- < (aln) + b,
+(Sk—1,n (t1) +Ba )) sinw,t,

e ((1 - "t)(sk—1,n (1)+ ﬁn) -
—"(Rk—1,n (t1)+an)),
- Ry _ n n n h n* h n
Skn(t): e (( 1, (t)+a )(a) shw,t —vchw t)+ npu v2>(a,1n)2+b,
+(Sk—1,n (t) + ﬂn)(wnchwnt - vshwnt)),
e ((Sk—1,n (t)+ B, )(wncoswnt —vsinw,t)-

_(Rk—1,n (1) +a, )(wnsinwnt + vcoswnt)),

npu y2 = (aln )2 +b,

npu 2 < (aln )2 +b

ans k=12,...,a Ry, (t) Ta Sp, (t) Bu3HaueHi dopmynamm (6) Ta (8).
BucHoBku. OTxke, Bu3HauveHa dopmynow (11) dyHKuUia u Henepe-

0

pBHa B 06nacTi Dz{(x,t):xe[o,l],te U (tk,tk+1)}, MaE po3puBU nep-
k=0

lworo pogy npwu tztk(k=1,2,...), 3a00BOJIbHSE MOYATKOBI i FPaHMYHI

ymoBM (2) Ta ymoBu iMnynbcHoT aii (5). Kpim Toro, ¢yHKuUia u 3a00BONb-

HAE PIBHAHHIO KONIMBAHHA CTPYHMU B obnacrti
[e0]

D:{(x,t):xe(o,l),te U (tk,tk+1)}, OCKinbKW psigu, ogepxaHi 3 (11) no
k=0

YfeHHMM andepeHLUitoBaHHAM ABa pa3n No x Ta ¢ 3biratoTbes abconto-

THO i piBHOMipHO B obnacTi D.
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PROBLEM WITH IMPULSE ACTION FOR A SINGLE EQUATION OF THE
STRINGS FLUCTUATION

The development of modern science and technology requires the
study of problems for differential equations describing processes with
short-term changes, or which are influenced by external forces, the
duration of which can be neglected when compiling relevant
mathematical models. Such tasks are found in thermophysics,
mechanics, chemical technologies, biology, management theory and
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other branches of science and technology, where they study
processes under the influence of short-term forces and called
systems with impulse action. Such systems contain differential
equations, an equation describing gaps in the first kind at moments of
impulse action and impulse conditions. The presence of impulse
action substantially changes and complicates the behavior of the
trajectories of such problems, even for relatively simple differential
equations. The study of differential equations with impulse action
began with the development of nonlinear mechanics and attracted the
attention of many researchers to the possibility to really describe the
processes in nonlinear systems. In spite of the large number of works
devoted to various questions of the theory of differential equations
with impulse action, a large number of problems of the qualitative
theory of such equations remain open for many cases. There is the
influence of impulse action in fixed and non-fixed moments of time. In
this paper we consider the process of oscillation of a string with
instantaneous increase of energy at moments when the full energy of
a string reaches this critical level. That is, the moments of impulse
action are not predetermined, but regulated by the process itself. For
such a task there are conditions for the existence of solutions for
which the impulse action is carried out an infinite number of times and
constructed such solutions.
Keywords: differential equations, impulse action, feedback
oscillations.
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npogeccop (HaunmoHanbHbI yHUBepcUTET «JIbBOBCKAA NOSIUTEXHUKA»,
r. Jiseos), Mopos H. B., K.¢.-M.H., poueHT, Consak J1. B.,
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3AAAYHA C UMNYJIbCHBIM BO3OEWCTBMEM )19 OQHOIO
YPABHEHUA KOJIEBAHUU CTPYHbI

Uccnepyetcsa npouecc kone6aHUin CTPYHbI C UMNYJIbCHbIM BO3AENCTBU-
€M B MOMEHTbl BpeMeHHU, KOraa nosiHas 3Heprus Koneb6aHUU CTPYHbI
AOCTUraeT 3alaHHOr0 KPMTUYECKOro 3Ha4yeHus. OnpepenexHbl ycnoBus
CYLLEeCTBOBAHUSA pelueHUN, AJI KOTOPbIX UMNYJIbCHOE BO3AeNCTBUe
npoucxoaut 6eCKOHEYHOoe KOIMYECTBO pa3 U 3aNUCaHo BUA PEeLUEeHUN.
KnoueBbie cnoBa: puddpepeHumanbHbie ypaBHEHUS, UMMNYJIbCHOE BO3-
AencTBue, KosiebaHusa ¢ o6paTHOMN CBA3bH.
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