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METHOD OF LIMIT RECURRENCE BY CONTRACTIVE MAPPING IN
SOLVING A CLASS OF EXPONENTIAL KERNEL INTEGRAL EQUATIONS

A method of solving a class of exponential kernel integral equations is
suggested, when a polynomialized term is added to the integral. The
kernel is defined on the unit square. The analytical solutions are found
using limit recurrence of the corresponding operator mapping which
is contractive one. The unique fixed point (solution) is represented as
the geometrical progression sum.
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Specifying the paper direction. It is well learned that the
contractiveness [1] of operator mapping [2]

x(t)=c#[x(1)] Vx(t)eX,, by tcMcR (1)
lets solve the operator equation (1) approximately as recurrence
x,(t)=c#[x,,(1)] for neN by x(1)eX,,. (2)

The solution x (t) of the operator equation (1) appears to be exact if the
limit
X (t) =limzx, (t) = lim(eszi[xn_] (t)]) (3)

can be found analytically [3; 4]. However, sometimes it is pretty hard to
determine this limit, except for some cases with progressions [3; 5].

Analysis of the availability. There may one even not be assured in
px, -contractiveness of the mapping in (1), where

Px,, (@y[xl (t):|’ M[XQ (t):|) S 0px,, (xl (l)’ X (t)) (4)
for the existing & €(0;1) on the space X, metric py, Vx()eX,,
and V x,(1)e X,,, so here are no restrictions on applying the recurrence
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(2). Certainly, the suspected solution X (t) by the recurrence (2) should

be checked by substituting X (t) into the operator o sign.
An interest arises for integral equations

1
x(t)zf(t)+jK(t,s)x(s)ds (5)
0
of the operator mapping (1) particular form [4; 6; 7], where x(r)e X[,

and the kernel K(t,s5)e X, xX|, is defined on the unit square

[0;1]x[0; 1]. The being added function /(1) X|,,, appears to be either
a line or a polynomial [6]. And deeper particular, the kernel

K(t s)= t//(et_s) (6)

is a linear function of the exponential ¢'* [8; 91.
Investigation goal. Having taken into consideration the kernel type
(6), there is a paper goal to substantiate the exact solution

x'(f)= nlﬁzzoxn (1)= nlﬁz;{f(t) + iK(t, )X, (s)ds] =

n—

= lim [ f(t)+}y/(ef—s)xn_l (s)ds] (7)

0
in the case
1
x(t)=f(t)+bfe ™ x(s)ds, (8)
0
where »eR and the function f(r)e X, is polynomial. Firstly the
equations
1
x(t)=a+bfe ™ x(s)ds 9)
0
and
1
x(t)=at+bfe x(s)ds (10)
0

are going to be proved to have their exact solutions by some bounding
the parameters acR and »h<R. Then, secondly, the generalizing them
equation

179



Cepist «TexHi4YHi Hayku»
Bunyck 4(76) 2016 p.

x(t)= iaiti +b}et_sx(s)ds by peNU{0} (11)
i=0

should be proved to have iOts exact solution, where the number
parameters a, R Vi:Tp and beR of the function f(r)e X, and
the kernel K(1,s)e X, xX,, correspondingly must be bounded. It
ought to be noted that the metric Px,, of the space X, is not specified
here, as well as the space X .

Solving exactly the integral equation (9). Lemma 1. The unique
fixed point x*(t)eX[O;l] in the mapping in (9) can be found as the limit (3),
and the integral equation (9) solution is

x*(t):a+%<et —et_l) (12)

by aeR\{0} and |b|< 1.

Proof. Though contractiveness of the mapping in (9) had not even
been proved, there are no restrictions on applying the recurrence (3) as
(7). Take the zeroth approximation

xo(1)=0 Vre[0/1] (13)
and will get
1 1
xi(t)=a+b[e xy(s)ds=a+b[e* -0ds=a, (14)
0 0

1 1
Xy (1)=a+b[e ™ x| (s)ds=a+b[e  ads =
0 0

1
=a + abe' (—e_s
0

j:a+abet(—e_l +1):a+ab(et —et_l). (15)

1 1
x3(t)=a+bfe ™ x,(s)ds=a+b[e™* [a + ab(es — es_lﬂds =
0

0
=a+abée (—e_s :)j+abzet (1 —e_l)s‘; -
:a+ab(et—et_1)+ab2(et—et_1). (16)

1 1
x4(t)=a+bfe x3(s)ds=a+b[e™ [a + ab(es —et! ) +ab? (es —
0 0
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1
+ab’e! (1 —e_l)s =

e’ )st = a+ abe' (—e_s

Lj+abzet(l—e_l)s1

0 0
=a +ab(et —eH)+ab2 (et —eH)+ab3 (et —et_l). (17)

So, for neN\{1} the n -th approximation

1 1 n—=2
X, (1)=a+bfe ™ x,_(s)ds=a+b[e* (a + > ab* (es — es_l)]ds =
0 0

k=1
1 n=2 1
=a+abe' | —e*| |+ Y abltle! (1 - e_l)s =
o) o 0
b kel
:a+ab<e —e )+Zab (e —e ):
k=1

s t -1 "2k
=a+ Y ab (e —e ):a+ab<e —e ) 1+ > b |, (18)
I=1 k=1
giving the geometrical progression in the last member sum. This

progression is summable by ‘b‘ <1 and then
* -1 "2k
x (t)=lim x,(t)= lim a+ab<e —e ) 1+ Y 0" ||=
n—»o n—»o k=1
n—2
:a+ab<et—et_l) lim |1+ Y b |=a+ ab (et—et_l). (19)
n—»0 k=1 l—b
For avoiding triviality, the parameter a #0, that is acR\{0}.

Substituting x*(t) by (12) into the right member of (9) gives its left

member exactly. The lemma has been proved.
Solving exactly the integral equation (10). Lemma 2. The unique

fixed point x*(t)eX[O;l] in the mapping in (10) can be found as the limit
(3), and the integral equation (10) solution is

x| (t) =at+ %(et — 2€t_1) (20)

by aeR\{0} and ‘b‘<1.
Proof. Though contractiveness of the mapping in (10) had not even

been proved, there are no restrictions on applying the recurrence (3) as
(7). Taking the zeroth approximation (13) gives

1 1
x((t)=at+b[exy(s)ds =at+b[e™* -0ds = at, (21)
0 0
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1 1 1
Xy (t)=at+b[ex(s)ds = at+b[e'*asds = at + abe' [ se”*ds .(22)

0 0 0
Integrating the term
[se™"ds (23)
by parts gives
[sePds=[e ds—se™”. (24)
Then, continuing (22),
AL ol ; ! ol
x; (t)=at+abe'| [e ds —se SO = at + abe (—e S) —se SO =
0
0

:at+abet(—e_l +1—e_1) :at+ab(et —2€t_1). (25)
The third and fourth approximations are

1
x3(t)=at+b[e x,(s)ds =
0

1
=at+ bj el s [as + ab(es - 2es_lﬂds =
0

1
=at+ abetjse_sds +ab’e! (1 — 26_1)S
0
0

:at+ab( —2¢” 1)+ab2(et 2e'” ) (26)

1

x4(t)= at+bjet “x3(s)ds =

_ b [ n sl 2( s~ s-1 J _
at+b£e § as+ab<es 2¢° )+ab (es 2e° ) ds
1

1 1
=at+ abetjse_sds +ab’e! (1 _2¢7! )s
0
0

=at+ ab(et — 2€t_1) +ab? (et —2¢1 ) +ab’ (et — 27! ) . (27)

So, for neN\{l} the n -th approximation

+ab’e! (1 —2¢7! )s

0

1
X, (1)=at+b[e ™ x,_;(s)ds =
0
1 n—2
=at+bfe'™’ (as + > ab* (es - 2es_l)] ds =
0 k=1
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1

. "2 kel -1
=at+abe' [se *ds+ Y ab*e (1—26 )s
0 k=1

0

:at+ab< —2e'” 1) Z ka( —2e'” 1)
k=1

i -1 t -1 2k
=at+ Y ab (e —2e ):at+ab<e —2e ) 1+ > b" |, (28)
giving the geometrical progression in the last member sum. This

progression is summable by ‘b‘ <1 and then

x'(£)= lim x,(t)= lim {at + ab(et — 2€t_1)(1 + nizbk H =
k=1

n—»o0 n—>0
n=2
:at+ab<et—2et_l) lim |1+ Y b* :at+a—b<et—2et_1). (29)
n— fe=1 l—b
For avoiding triviality, the parameter a#0, that is acR\{0}.

Substituting X (t) by (20) into the right member of (10) gives its left

member exactly. The lemma has been proved.
Solving exactly the integral equation (11), generalizing the
equations (9) and (10) as given with polynomialized added term

f(t)eX[O;l].
Theorem. The unique fixed point x*(t)eX[O;l] in the mapping in (11) can
be found as the limit (3), and

X (t)= Zat (i) (30)

is the solution of the mtegral equatlon (1 1) where

r(m):mr(m—l)—l.meN,r(O)zl—l, (31)
e e
by 4, eR Vl—OplnEIzoe{O p}WIthaeR\ and‘b‘<1

Proof. Though contractiveness of the mapping in (11) had not even
been proved, there are no restrictions on applying the recurrence (3) as
(7). Taking the zeroth approximation (13) gives

xi(t)= Zat+bjets ()ds-Zat+bIetS0ds—Zat (32)
i=0 i=0 i=0

xz(t):%aiti+bjet_s xy (s)ds = Zat +bjet S[Zaisijds:
i= 0

i=0

S
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N S (VA AT A S
=Y ait +be'[e"| Yais' |ds=Y ajt" +be' Y a;[s'e ds. (33)

i=0 0 i= i=0 =0 ©
Integrating the i-th term

jsie_sds (34)

within the nonlinear sum by parts gives

[s'e™ds=i[s'" e ds—s'e™ Vi=0,p by peNUfo}. (35)
Denoting

1 1 . 1
Is’e_sds = iI sl ™S ds - (s’e_s)

0 0 0
:iisi_le_sds—é:r(i) Vi=1p by peNU{0} (36)
and having noted in (36) that
r(i):ir(i—l)—é by r(O)zl—é. (37)

get the second approximation

NPT A S N - .
X (1))=Y ait' +be' Y a;[s'e*ds =Y a;t' +be' Y ar(i). (38)
i=0 i=0 0 i=0 i=0
The third and fourth approximations are

x3(1) = Zat +bjet “x (s)ds =

i=0

at + bI el { Y a;s' +be’ Y air(i)}ds =

0 i=0 i=0

Il
S

1

a;t’ +be' Zal}sle sds+[b2 tZar( )]s

i=0 0 i=0

m

0

% a;t' +be' Zar() +b%e tZar()

i=0 i=0
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. .
= i at' +b[e™* {i a;s' +be’ i a;r(i)+b*e* i air(i)}ds =
i=0

0 i=0 i=0 i=0

1 ! :
i i +be Zaljs’e Sds+[b2 IZar( )]s +[b3et§:air(i)]s =
i=0 i=0 0 =0 0 =0 0
:f: i +be Zar() bthar() b3tzai”()
i=0 i=0 i=0 i=0
—Zat +(be +b%e’ +be I)Zar() (40)
i=0

So, for neN\{l} the n -th apprOX|mat|on

x, (1) = Zat +bjet *Xp_1(s)ds =

i=0

4 i t—s i o 1.k s .
=Y ajt +bje {Zais + Z b e Zair(l)}ds:
i=0 0 i=0 k=1 i=0

1 1

a;it’ +be' f: a;[s'e S ds +(ni prrlet Z a;r(i )]
i i P P

i=0 0

I
M

Il
(el

0

M“c

a;it' +be' Zar() Z;: i t?alr()

i= i=0

_Zat +anl tZar() Zat +be' [1+ Zbk]Zar() (41)

i=0 k=1 =0
givmg the geometrlcal progression in the last member sum by

k=1,n—2.This progression is summable by ‘b‘ <1 and then

X (t) = lim x, (t) = lim {i aiti +bé' [1+nizbkj Zp: air(i)} = Zp: a,«ti +
i i=0

n—»o n—0| ;_( k=1 =0

(i), @

o Sar)|m (1458 |- £ a2

i=0 n—o k=1 i=0

For avoiding triviality, the set of polynomial parameters {a; }fzo should

contain at least one element, that is q,eR Vi=0, p in 3, e{O, p}

with a, <R\{0}. Substituting x (¢) by (30) with (31) into the right
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member of (11) gives its left member exactly. The theorem, generalizing
the Lemma 1 and Lemma 2, has been proved.

Conclusion. After having proved the exponential kernel integral
equations (9) — (11) to have their exact solutions (12), (20), and (30) with
(31), they are passing to have been grouped in the table.

Table
The exact solutions of the exponential kernel integral equation (8),
having applied its being contractive mapping generally

Integral equation (8) form
by aeR\{0} and g, eR

Integral equation (8) form exact
Vi=0pin3ie {O, p} solution

with a, eR\{O}, peNU{O}

1
x(t)=a +bjet_sx(s)ds X (t)=a +a—b(et —eH). ‘b‘ <1
) 1—b

1
x(t) =at+ bj et_sx(s)ds X (t) =at +%<et - 2eH) , ‘b‘ <1

0
. t
x (f)= iait’ + e iair(i).
i=0 1-b5
p.. 1 B <1,
x(t)=Y a;jt' +bfe' ™ x(s)ds 1
i=0 0 r(m)=mr(m-1)——, meN,
e
|
0)=1--
r(0)=1--

One may note that the solutions (12) and (20) might have been
driven out from the solution (30) with (31).

Nevertheless, the particular cases with the solutions (12) and (20)
are much convenient, than to deduce them from (30) with (31). And
having substantiated the existence of the exact solution in the integral
equation (11), had generalized the integral equations (9) and (10), the
up-viewed table gives an indication to solve instantly a wide range of
practical problems [4; 6; 10; 11], modeled as the mapping (1) kernel
form (6), particularized as (9) — (11).

Certainly, the papered investigation may be proceeded towards

generalizing the subset .M of some R" by NeN.
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PoMaHiok B. B, A.T.H., npodecop (XMeNnbHULbKMIA HaLioHaNbHUIA
yHiBEpCUTET, M. XMeJTbHULbKWIA)

METO/, FPAHUYHOI PEKYPCIi Y CTUCKAKOUYOMY
BIAOBPAXXEHHI NMPU PO3B’AA3YBAHHI OHOI0 KJIACY
IHTErPAJIbHUX PIBHSIHb 3 EKCMOHEHLIANTbHUM SAPOM

MponoHyeTbCcA MeTOA PO3B'A3aHHA OAHOr0 KNacy iHTerpasbHuUX piB-
HSIHb 3 eKCNOHEeHUiasIbHUM SAAPOM AN BUNAAKY, KOJIU A0 iHTerpana
AOAAETLCA NOJIIHOMIaNi3oBaHUM YneH. AApo 3aAaETbCA HA OAUHUYHOMY
KBaapaTi. AHaNITU4YHI pO3B'A3KN 3HAXOAATLCS 32 AONOMOro BUKOpUC-
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TaHHA rPAHUYHOI PeKYpCii BianoBiAHOro onepaTtopHoro Binoo6pa)keHHs,
KOTpe € CTUCKauuM. EanHa HepyxoMa TouKa (po3B’si30K) npeacTaBns-
€TbCA CYMOIO reOMeTPUYHOI Nporpecil.

Knrwouosi cnoBa: onepatopHe Bifo6pa)KeHHs, CTUCKaloye BifobpaKeH-

HSA, METPUYHUM NPOCTiP, PYHKLUIOHANbHMIA NPOCTip HA [O; 1]. oneparop-

He PiBHAHHS, AAPO Bifo6paXKeHHsA, rPaHUYHA PEKYpCis, HAbNnKeHUn
PO3B'A30K, EAMHA HEPYXOMAa TOYKA, EAUHUN PO3B'A30K, HYJIbOBE Ha-
6nMKeHHSA, 71 -e HAabNIM)KeHHsA, CyMa reoMeTPUYHOI nporpecii, BUMipHi

JyHKUil Ha [O; 1]. iHTerpasbHe PiBHAHHA 3 €KCMOHEHLUiasIbHUM SAPOM.

PomaHiok B. B., A.T.H., npodeccop (XMeNbHULKNIA HAaLNOHANbHBbIN
YHUBEpPCUTET, M. XMeNbHULKMIA)

METO FrPAHUYHOW PEKYPCUU B CXXMMAIOLLIEM
OTOBPAXXEHWU NPU PELLEHUU OQHOIO KJIACCA
WMHTEMPAJIbHbIX YPABHEHWUI C 3KCMOHEHUMAJIbHbLIM APOM

Mpepnaraercsa MeTon peleHUA OQHOMO KJ1lacca UHTErpasbHbIX ypaBHe-
HUI C SKCMOHEHUMaNbHbIM AAPOM ANIA Clyvas, KOrAa K MHTerpany npu-
6aBnsieTcs NOIMHOMMANM3MPOBaHHbIN YNeH. Aapo 3afaérca Ha eAUHN-
4YHOM KBagpaTe. AHaIMTUYECKME PeLleHUs HAXOAATCA NPU UCNOJNb30-
BaHMU rPAHMYHOWN PEKYPCUM COOTBETCTBYHOLLEro ONepaTopHOro oTo6-
pPaXKeHus, KOTOpoe ABNAETCA COKUMaKLWKUM. EQMHCTBeHHasa HenoaBWXK-
Has TouKa (peweHune) npeacTaBnseTcs CyMMOM reoMeTpUYeCcKom npo-
rpeccum.

KnioueBble cnoBa: onepaTtopHoe oTo6pa)keHue, CXkumarollee otobpa-
)KeHue, MeTpu4yecKoe NPOCTPAHCTBO, PYHKLMOHANbHOE NPOCTPAHCTBO

Ha [O; 1] , ONlepaTopHoOe ypaBHeHue, AP0 0ToGpa)KeHUs, rpaHnMYHas

peKypcus, npubnnKéHHoe pelleHne, eAMHCTBEHHas HenoABMXKHas To-
4YKa, eAUHCTBEHHOE peLleHue, HyneBoe NpubnuxkeHue, 7 -e Nnpuenun-
)KeHue, CyMMa reoMeTpUYECKOWU Nporpeccuu, usmepmmblie GyHKLUMN HA

[O; 1]. MHTerpasibHoe ypaBHeHMe C 3KCMOHEeHLUaNbHbIM SAAPOM.
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